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A direct, natural extension of Hooke’s law to ﬁnite strain was achieved by R. Hill in 1978, employing the notion of
work-conjugate measures of stress and strain. With Seth-Hill (Doyle-Ericksen) class of ﬁnite strain measures, this exten-
sion actually deﬁnes a broad class of compressible hyperelastic materials at ﬁnite strain, each of which retains the simple
linear structure of Hooke’s law as stress–strain relationship. Several known simple elasticity models at ﬁnite strain are
included as its particular examples. With a novel idea of utilizing a suitable parametric variable, here we present a uniﬁed
study of the free-end torsion problem (Poynting eﬀects) of thin-walled cylindrical tubes made of the foregoing Hill’s class
of Hookean type hyperelastic materials. We show that it is possible to derive a uniﬁed exact solution to the nonlinear cou-
pling equations relating the torque (the shear stress) and the controlling deformation quantities including, in particular, the
axial length change. Discussions and comparisons concerning various Hookean type elasticity models are made based on
the exact solution obtained.
 2006 Elsevier Ltd. All rights reserved.
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The elastic behaviour of an isotropic material at inﬁnitesimal deformations is characterized by the well-
known Hooke’s law. Beyond inﬁnitesimal deformations there is a question of how to achieve a direct, natural
generalization of Hooke’s law. Such a simple elastic equation, which retains the linear structure of Hooke’s
law as stress–strain relationship and will be said to be ‘‘Hookean type’’, is intended to serve as a reasonable0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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and desirable in some cases.
There are many possibilities to generalize Hooke’s law to the whole deformation range (The reason will
become clear slightly later.). St. Venant-Kirchhoﬀ equation and Hencky equation are two examples, which
are based on Green strain measure and Hencky’s logarithmic strain measure, respectively; refer to, e.g., Trues-
dell (1952), Truesdell and Toupin (1960), Truesdell and Noll (1965). By virtue of the work-conjugacy concept,
Hill (1978) deﬁned a class of Hookean type hyperelastic materials by the replacement of the Cauchy stress and
the inﬁnitesimal strain in Hooke’s law with any given Seth-Hill (also Doyle-Ericksen) strain and its conjugate
stress. Several known Hookean type hyperelastic equations are included as particular cases into this broad
class.
The main objective of this article is to present a uniﬁed study of the free-end torsion problem (Poynting
eﬀects) of thin-walled cylindrical tubes made of Hill’s class of Hookean type hyperelastic materials. For this
problem, there exists a strongly nonlinear coupling between shear stress and four deformation quantities
including the axial length change, as will be seen. Usually, it does not appear to be easy to deal with ﬁnite
deformation problems of compressible materials. Complete exact analyses are available in some cases; refer
to the classical results by Rivlin (1949, 1953) and Green and Shield (1951) and see also, e.g., Green and Zerna
(1960). Results are given mainly for incompressible materials such as neo-Hookean and Mooney–Rivlin mate-
rials. Results for several known Hookean type models may be found earlier in Hencky (1928, 1931, 1933) and
later in Hencky (1928, 1931, 1933) and later in Bruhns and Thermann (1969), Bruhns (1970, 1971), Anand
(1979, 1986), Batra (1998, 2001), Xiao et al. (1997a,b) and Bruhns et al. (2000, 2002). Systematic results
and recent developments in ﬁnite elasticity may be found, e.g., in the monographs by Ogden (1984) and Fu
and Ogden (2001). For the ﬁnite torsion problem of compressible thin-walled tubes with free ends, here we
shall show that a uniﬁed closed-form solution is available for the axial length change and for other deforma-
tion quantities for the foregoing Hill’s class of Hookean type compressible hyperelastic materials. To achieve
this goal in a case of strongly nonlinear coupling, we shall introduce a novel idea of utilizing a suitable para-
metric variable. With the uniﬁed exact solution at hand, a comparative examination will be made for diﬀerent
models in this class.
2. Hookean type hyperelastic materials
The classical Hooke’s law is given byr ¼ KðtreÞI þ 2Ge; ð2:1Þ
where K and G are Lame´ elastic constants and r, e, I are the Cauchy stress tensor, the inﬁnitesimal strain ten-
sor, the 2nd-order identity tensor, respectively. The following relationship holds:K ¼ 2Gm
1 2m ; ð2:2Þwith the Poisson ratio m. Throughout, trA is used to designate the trace of tensor A, i.e.,trA ¼ Aii ¼ A11 þ A22 þ A33:
To realize an extension of Hooke’s law, a ﬁnite strain measure should be introduced to replace the inﬁn-
itesimal strain e. However, since many diﬀerent scales may be introduced to measure the degree of the length
change of the line element, many diﬀerent ﬁnite strain measures may be deﬁned. A broad class of strain mea-
sures known as Seth-Hill or Doyle-Ericksen strain measures is given byEðmÞ ¼ C
m=2  I
m
: ð2:3ÞIn the above equation, C = FTF is the right Cauchy–Green deformation tensor and m may be any given real
number. Throughout, F is the deformation gradient. It may be evident that each number m deﬁnes a strain
measure E(m) via (2.3). Well-known examples are provided by m = 1,2,0,1,2, which correspond to the
strain measures attributed to Cauchy, Green, Hencky, Hamel and Almansi, Swainger, respectively. Here, it
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strain measure, namely, we haveEð0Þ ¼ lim
m!0
Cm=2  I
m
¼ 1
2
lnC : ð2:4ÞThe replacement of the inﬁnitesimal strain e in (2.1) by any given strain measure E(m) will give a straight-
forward extension of Hooke’s law to ﬁnite deformation, and hence deﬁnes an elastic material over the whole
deformation range. However, such an elastic material is not hyperelastic, in the sense that the stress work done
along a deformation path need not be path-independent.
A further consideration is to employ Hill’s work-conjugacy concept (see, e.g., Hill, 1968, 1978; Ogden,
1984). A stress-like symmetric 2nd-order tensor T is said to be the conjugate stress of a given strain E, e.g.,
one of those deﬁned by (2.3), whenever the scalar product T: _E furnishes the stress power, that is, the following
identity holds:T : _E ¼ Jr : D; ð2:5Þ
where D is the Eulerian strain rate (stretching), i.e., the symmetric part of the velocity gradient, and J is the
deformation Jacobean or volume ratio, given by the determinant of the deformation gradient F, i.e.,J ¼ detF: ð2:6Þ
Let T(m) be the conjugate stress of a Seth-Hill strain measure E(m). Now, replacing the Cauchy stress r and
the inﬁnitesimal strain e in (2.1) by the work-conjugate pair T(m) and E(m), one arrives at a natural extension of
Hooke’s law as follows:TðmÞ ¼ KðtrEðmÞÞI þ 2GEðmÞ: ð2:7Þ
In general, the conjugate stress T(m) need not be simple. A form of (2.7) may be given in terms of the prin-
cipal components referred to the principal axes of deformation, as shown in, e.g., Hill (1968, 1978) and Ogden
(1984). A simpliﬁed form in direct tensorial notation is derived in Xiao and Chen (2002), as given byJr ¼ K trB
m=2  3
m
Bm=2 þ 2GB
m  Bm=2
m
; ð2:8Þwhere B = FFT is the left Cauchy–Green deformation tensor.
With m = 0,±1,±2, the uniﬁed Eq. (2.7), i.e., (2.8) yields several known elastic models as given below (see
Xiao and Chen, 2002):Jr ¼ KðtrV  3ÞV þ 2GðB  VÞ ðm ¼ 1Þ; ð2:9Þ
Jr ¼ KðtrV1  3ÞV1  2GðB1  V1Þ ðm ¼ 1Þ; ð2:10Þ
Jr ¼ 1
2
Kðtr lnBÞI þ G lnB ðm ¼ 0Þ; ð2:11Þ
Jr ¼ 1
2
KðtrB  3ÞB þ GðB2  BÞ ðm ¼ 2Þ; ð2:12Þ
Jr ¼  1
2
KðtrB1  3ÞB1  GðB2  B1Þ ðm ¼ 2Þ: ð2:13ÞIn the above equation, V ¼ ﬃﬃﬃﬃBp is the left stretch tensor.
Eq. (2.7) deﬁnes a broad class of Hookean type ﬁnite hyperelastic materials (models) as the number m runs
over the reals, which ‘‘might be regarded as a natural generalization of Hooke’s law’’ (Hill, 1978, p. 49). All
these models retaining the simple structure of Hooke’s law share the same material constants, i.e., the Lame´
elastic constants K and G. Note that the latter are obtainable from data at inﬁnitesimal strain. According to
Eq. (2.7), all the nonlinear elastic behaviour at ﬁnite deformations are characterized by and incorporated in
the deﬁnition of the ﬁnite strain measure E(m). Then, whether or not a Hookean type model (2.7) with a given
Seth-Hill strain E(m) is able to describe some aspects of salient features of nonlinear behaviour of elastic
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deformation gradient.
Of course, it might not be realistic to require that a simple model as given by (2.7) should achieve a detailed
and even comprehensive characterization of the ﬁnite deformation behaviour of realistic elastic materials. It is
expected that such a simple model may in a reasonable and satisfactory manner approximate the realistic ﬁnite
deformation elastic behaviour within some deformation range beyond inﬁnitesimal deformations. It should be
pointed out that for a detailed description of desired accuracy, general forms of elastic equations with a num-
ber of adjustable parameters should be employed. In this respect, various kinds of elastic models have been
suggested and found to be very useful; see, e.g., the monograph by Ogden (1984).
In the subsequent sections, from a uniﬁed point of view, we shall study the pure shear problem and the free
torsion problem for Hill’s class of Hookean type hyperelastic materials.
3. Pure shear and free torsion
Consider an undeformed cuboid as shown in Fig. 1(a). Now let this cuboid be subjected to the shear load-
ing s on its upper surface, and its bottom surface be held ﬁxed. With the shear loading, the cuboid will be
deformed into a parallelepiped, as shown in Fig. 1(b).
There are no loadings on the two surfaces normal to the X3-axis. The loading on the two slanted side sur-
faces have the normal and shear components given by s sin2h and scos2h, which are not shown in Fig. 1(b).
A ﬁxed rectangular Cartesian coordinate system (O;e1,e2,e3) is shown in Fig. 1, where O is the origin and the
three ei are three orthonormal vectors along the directions of the three coordinate axes. Since only the shear
loading is present, the Cauchy stress is of the formr ¼ sðe1  e2 þ e2  e1Þ: ð3:1Þ
The deformation induced by the above pure shear loading is known as the pure shear deformation. Sub-
jected to the pure shear loading, a cuboid will be deformed into a parallelepiped as shown inFig. 1. In a general
sense, along with the shear angle h in the X1-direction there will also be the thickness change in the X3-direc-
tion and the length change in the X2-direction. Let X and x be the position vectors of a particle before and
after the deformation, i.e.,X ¼ X iei; x ¼ xiei; ð3:2Þ
where Xi and xi are the coordinates of a particle before and after the deformation, respectively. Then, the pure
shear deformation from a cuboid to a parallelepiped, as shown in Fig. 1, is described by(a) (b)
Fig. 1. Deformation of a cuboid under pure shear loading: (a) undeformed and (b) deformed.
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x2 ¼ n2X 2;
x3 ¼ n3X 3:
8><
>: ð3:3ÞHere, n1, n2, n3 and c are the four governing deformation quantities. Of them, the three ni represent the ratios
of the current to the initial length in the directions of the three coordinate axes, separately, while c is related to
the shear deformation. For the latter, we havec ¼ n2 tan h; ð3:4Þ
where h is the shear angle as shown in Fig. 1(b).
The pure shear deformation is usually generated by performing the torsion of a thin-walled cylindrical tube
with free ends. Consider a cylindrical tube with the wall thickness d0 and the average radius r0. If the wall
thickness d0 is very small compared with the average radius r0, the tube with the free ends subjected to the
torqueM will experience uniform deformation in a suﬃciently accurate sense. The just-mentioned free torsion
of a thin-walled tube is described by the foregoing pure shear deformation. In fact, the cuboid shown in Fig. 1
may be regarded as an inﬁnitesimal element cut out of a thin tube with free ends along the axial, circumfer-
ential, and radial directions. Because of this relationship, the geometric meanings of the four deformation
quantities characterizing the pure shear become clearer: the shear angle h is just the torsion angle, while
the quantities n1, n2, n3 represent the average radius change and the axial length change, the wall thickness
change, respectively. Of particular interest is the quantity n2, which characterizes the well-known Poynting
eﬀect found in the free torsion test. On the other hand, let r and d be the current average radius and the current
wall thickness, respectively. Observing the relationshipsd ¼ n3n0; r ¼ n1r0;
we deduce that the shear stress s and the torque M are related byM ¼ 2pr2ds ¼ ð2pr20d0sÞn21n3: ð3:5Þ
As compared with the usually treated torsion problem of a tube with ﬁxed ends, the foregoing free torsion
problem may be more complicated. In fact, the former is characterized by the simple shear deformation with
n1 = n2 = n3 = 1 in (3.3) and hence only the shear quantity c needs to be treated, whereas the latter should be
described by the four strongly coupled deformation quantities n1, n2, n3, and c.
For the pure shear deformation (3.1), (3.2), the deformation gradient F is given byF ¼ n1e1  e1 þ n2e2  e2 þ n3e3  e3 þ ce1  e2; ð3:6Þ
and, then, the Jacobean J and the left Cauchy–Green tensor B are given byJ ¼ n1n2n3; ð3:7Þ
B ¼ ðn21 þ c2Þe1  e1 þ n22e2  e2 þ n23e3  e3 þ cn2ðe1  e2 þ e2  e1Þ: ð3:8ÞWith four deformation parameters, the above equation gives the most general form of the Cauchy–Green
deformation tensor B compatible with the pure shear loading. In fact, from Eq. (3.1) we know that e3 is an
eigenvector of the stress r. Then, from Eq. (2.8) we deduce that e3 should also be an eigenvector of the
Cauchy–Green tensor B. Hence, we deduce that the foregoing fact is true.
In treating Eq. (2.8), it is required to calculate the tensor quantity Bn for any given real number n, which
seems rather complicated except for a few particular values of the number n. It does not appear that it is an
easy task to ﬁnd out an explicit expression of Bn in terms of the governing deformation quantities as well as the
chosen ﬁxed basis (e1,e2,e3). An idea to bypass this situation is to employ the spectral expression. Let vi and ni
be the three distinct eigenvalues of B and the three corresponding orthonormal eigenvectors of B, respectively.
Then,Bn ¼
X3
s¼1
vnsns  ns: ð3:9Þ
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1
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1 þ n2Þ2 þ c2
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1  n2Þ2 þ c2
q 2
;
v2 ¼
1
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1 þ n2Þ2 þ c2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1  n2Þ2 þ c2
q 2
;
v3 ¼ n23:
8>>>><
>>>:
ð3:10ÞMoreover, it may be evident that n3 = e3. Hence, if we introduceB ¼ ðn21 þ c2Þe1  e1 þ n22e2  e2 þ cn2ðe1  e2 þ e2  e1Þ; ð3:11Þthen we may regard the latter as a two-dimensional tensor with vs and ns, s = 1,2, its two eigenvalues and its
two corresponding orthonormal eigenvectors, namely,B ¼ B  v3n3  n3 ¼ v1n1  n1 þ v2n2  n2:With this understanding, utilizing Sylvester’s formula for the eigenprojections of B we know the eigenprojec-
tions n1  n1 and n2  n2 may be given byn1  n1 ¼ B  v2Iv1  v2
; ð3:12Þ
n2  n2 ¼ B  v1Iv2  v1
; ð3:13Þwhere I is the two-dimensional identity tensor given byI ¼ I  e3  e3 ¼ e1  e1 þ e2  e2: ð3:14Þ
Then, substituting (3.12), (3.13) into (3.9) we obtainBn ¼ n2n3 e3  e3  v1v2
vn11  vn12
v1  v2
I þ v
n
1  vn2
v1  v2
B: ð3:15ÞAs will be seen, the last expression will be crucial to the subsequent analysis.
4. A uniﬁed exact solution
For any given number n, the expression (3.15) supplies an explicit formula for the complicated tensor quan-
tities Bn in terms of the deformation quantities c, n1, n2, and n3 as well as the chosen basis (e1,e2,e3). Now from
the elastic Eq. (2.8), it is possible to derive a system of equations governing the pure shear problem and the free
torsion problem. This can be done by using (3.1) and (3.15) and working out Eq. (2.8) for the six components
with reference to the basis (e1,e2,e3). Of them, only four are non-trivial. The result is as follows:KgðmÞ  2G
m
 
Y ðm=2Þ þ 2G
m
Y ðmÞ ¼ 0; ð4:1Þ
KgðmÞ  2G
m
 
Zðm=2Þ þ 2G
m
ZðmÞ ¼ 0; ð4:2Þ
KgðmÞ  2G
m
 
nm3 þ
2G
m
n2m3 ¼ 0; ð4:3Þ
KgðmÞ  2G
m
 
ðvm=21  vm=22 Þ þ
2G
m
ðvm1  vm2 Þ ¼ c1n1n3ðv1  v2Þs; ð4:4Þ
724 H. Xiao, L.H. He / International Journal of Solids and Structures 44 (2007) 718–731wheregðmÞ ¼ trB
m=2  3
m
¼ 1
m
vm=21 þ vm=22 þ nm3  3
 
; ð4:5Þ
Y ðnÞ ¼ v1v2ðvn11  vn12 Þ þ ðn21 þ c2Þðvn1  vn2Þ; ð4:6Þ
ZðnÞ ¼ v1v2ðvn11  vn12 Þ þ n22ðvn1  vn2Þ: ð4:7ÞEqs. (4.1)–(4.7), together with Eq. (3.10), constitute a system of equations governing the shear stress s and the
four deformation quantities n1, n2, n3 and c for the pure shear problem and the free torsion problem. To study
the Poynting eﬀect, the main goal is to derive the relationship between the shear stress s and the axial length
change n2 or between the torque M (see Eq. (3.5)) and n2. Other relationships are also of interest. However,
since the foregoing system exhibits strong nonlinearity and coupling, it does not appear to be an easy task.
Indeed, except for some particular cases of the number m, it seems impossible to derive the expressions
n2 = p(s) and n2 = q(M) in closed form.
Here, a novel idea is suggested to bypass the above diﬃculty. It is found that the following expressionsn2 ¼ f ðv1Þ;
s ¼ gðv1Þ;

ð4:8Þandn2 ¼ f ðv1Þ;
M ¼ hðv1Þ;

ð4:9Þare derivable in closed form in terms of v1. The other quantities, i.e., n1, n3, c, are also derivable in closed form
in terms of v1. Thus, it may be clear that (4.8) (resp., (4.9)) establishes an explicit relationship between n2 and s
(resp., M) via two parametric expressions in terms of the parametric variable v1. It can be readily understood
that, except for some particularly simple forms of the functions f, g and h, there need not exist direct, explicit
expressions such as s = p(n2) and M = q(n2).
Following the above idea, from Eqs. (4.1)–(4.7) and with Eq. (3.10) we shall derive a uniﬁed closed-form
solution for the problem at issue. In what follows we treat any non-zero number m, i.e., m5 0. The case m = 0
corresponds to Hencky equation as given by (2.11). This is an exceptional case and will be separately treated in
the following section.
First, subtracting Eq. (4.2) from Eq. (4.1) and utilizingY ðnÞ  ZðnÞ ¼ ðn21 þ c2  n22Þðv21  vn2Þ;
we deduceðn21 þ c2  n22Þðvm=21  vm=22 Þ KgðmÞ þ
2G
m
ðvm=21 þ vm=22  1Þ
 
¼ 0: ð4:10ÞSince v1 > v2 > 0, we know thatðvm=21  vm=22 Þ 6¼ 0:
On the other hand, ifKgðmÞ  2G
m
þ 2G
m
ðvm=21 þ vm=22 Þ ¼ 0is assumed, then Eq. (4.4) yields s = 0, which can not be true. From these we infer thatn21 ¼ n22  c2: ð4:11Þ
Next, from Eq. (4.3) we deriveKgðmÞ  2G
m
¼  2G
m
nm3 : ð4:12Þ
H. Xiao, L.H. He / International Journal of Solids and Structures 44 (2007) 718–731 725This and (4.5) and (2.2) producemvm=21 þ mvm=22 ¼ 1þ m ð1 mÞnm3 : ð4:13ÞMoreover, adding Eq. (4.1) to Eq. (4.2) and then using (4.12) and the identitiesn21 þ n22 þ c2 ¼ v1 þ v2;
 2v1v2ðvn11  vn12 Þ þ ðv1 þ v2Þðvn1  vn2Þ ¼ ðv1  v2Þðvn1 þ vn2Þ;we infervm1 þ vm2  nm3 ðvm=21 þ vm=22 Þ ¼ 0: ð4:14Þ
An explicit expression of v2 in terms of v1 can be derived from Eqs. (4.13), (4.14). In fact, Eq. (4.13) yieldsn3 ¼
1þ m
1 m
m
1 m v
m=2
1 þ vm=22
  1=m
: ð4:15ÞThen, substitution of Eq. (4.15) into Eq. (4.14) leads tovm2 þ 2mvm=21  1 m
 
vm=22 þ vm1  ð1þ mÞvm=21
 
¼ 0:
Hence,v2 ¼
1þ m
2
 mvm=21 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
2
 2
þ ð1 m2Þvm=21 1 vm=21
 s0@
1
A
2=m
ð4:16ÞNow it is possible to derive explicit expressions of n1, n2 and c in terms of v1. First, substituting (4.11) into
(3.10)1,2 we deducev1 ¼ n22 þ cn2;
v2 ¼ n22  cn2:
(Then, from the last two expressions and (4.11) we obtainn2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v1 þ v2
2
r
; ð4:17Þ
c ¼ j v1  v2 jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðv1 þ v2Þ
p ; ð4:18Þ
n1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2v1v2
v1 þ v2
s
: ð4:19ÞFinally, from Eqs. (4.4), (4.12), (4.18), (4.19) and (4.15) we derives ¼ s
G
¼ 1
1 m
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v1v2
p ðv
m
1  vm2 Þ  ð1þ mÞðvm=21  vm=22 Þ
mð1þm
1m m1m ðvm=21 þ vm=22 ÞÞ1=m
: ð4:20ÞIn addition, from (3.5), (4.15) and (4.19) we arrive at an expression for the torque M as follows:M  M
4pr20d0G
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v1v2
p
v1 þ v2
ðvm1  vm2 Þ  ð1þ mÞðvm=21  vm=22 Þ
mð1 mÞ : ð4:21Þ
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s ¼ 2
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m
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v
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1þ 4 1m
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1þ 4 1m
1þm vð1 vÞ
q 2
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1 mþ 2vþ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4 1 m
1þ m vð1 vÞ
r !
: ð4:27ÞIn the above,v ¼ vm=21 ð4:28Þ
is viewed as a parametric variable1. It can freely take values in a given range, which will be speciﬁed in Section
6.
In terms of the parametric variable v, expressions (4.22)–(4.27) supply explicit, closed-form expressions of
the four deformation quantities n3, n2, c, n1, as well as the non-dimensionized shear stress s and the non-
dimensionized torque M , respectively. Two such expressions for any two quantitiesp; q 2 fn1; n2; n3; c; s;Mg
may be viewed as two parametric expressions in terms of the parametric variable v and as such they specify the
exact relationship between the two quantities p and q, namely,p ¼ ~pðvÞ;
q ¼ ~qðvÞ;
where the pair of functions ð~p; ~qÞ are given by two of the expressions (4.22)–(4.27). Of particular interest is the
pair p ¼ M and q = n2. Via the parametric variable v, expressions (4.23) and (4.27) establish the relationship
between the applied torque and the axial length change.
Explicit results are given above for all the models for all the numbers m. Results for the known models with
m = ±1,±2 may be obtained by setting m = ±1,±2 in the general results, as will be given in Appendix A.
Results for Hencky model with m = 0 will be treated in the following section.ticular treatment is needed for the case when m = 0, i.e., the Hencky strain. This will be discussed in Section 5.
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The Hencky model (2.11) was introduced earlier by Hencky (1928). Later it has been used by many
researchers, and certain signiﬁcant properties of Hencky model have been indicated in recent years; see,
e.g., Bruhns and Thermann (1969), Bruhns (1970, 1971), Anand (1979, 1986), Xiao et al. (1997a,b, 1999),
Bruhns et al. (1999, 2000, 2001, 2002), Xiao (2005), and many others. Details may be found in the references
in Xiao (2005).
As mentioned before, the Hencky model (2.11) is covered by (2.7) through a limiting procedure as m! 0.
By means of the same limiting procedure, the result for the Hencky model (2.11) may be derived from the gen-
eral results presented in Section 4. In fact, utilizing (4.28) and working out the limits of (4.16) and then the
limits of (4.15) and (4.20), (4.21), we obtainv2 ¼
1
v1
; ð5:1Þ
n3 ¼ 1; ð5:2Þ
n2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
v1 þ
1
v1
 s
; ð5:3Þ
n1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2v1
1þ v21
s
; ð5:4Þ
c ¼ 1ﬃﬃﬃ
2
p v
2
1  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v31 þ v1
p ; ð5:5Þ
s ¼ ln v1; ð5:6Þ
M ¼ v1
1þ v21
ln v1: ð5:7ÞFrom the above results, it is possible to express each quantity in terms of the shear quantity c. The results
are as follows:n1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
4
4
r
 c
2
2
s
; ð5:8Þ
n2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
4
4
r
þ c
2
2
s
; ð5:9Þ
s ¼ ln c
2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
4
4
r
þ c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
4
4
rs0@
1
A; ð5:10Þ
M ¼
ln c
2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c4
4
q
þ c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c4
4
qr !
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c4
4
q
þ c2
2
: ð5:11ÞMoreover, both the non-dimensionized shear stress s and torque M are expressible as explicit functions of
the axial length change n2, as given below:s ¼ ln n22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n42  1
q 
; ð5:12Þ
M ¼ 1
2n22
ln n22 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n42  1
q 
: ð5:13Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
es þ es
2
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
coshðsÞ
p
; ð5:14Þ
M ¼ 1
2
s
coshðsÞ : ð5:15ÞIn the above, coshðsÞ is used to denote the hyperbolic cosine function of the non-dimensionized shear stress s.
6. Discussion
For any given number m5 0, it may be evident from (4.16) that the parametric variable v should be
restricted by the following conditions:1þ 4 1 m
1þ m vð1 vÞP 0:From v > 0 and this, we derive the range for the parametric variable v as follows:0 < v 6 1
2
þ 1ﬃﬃﬃ
2
p 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 mp ; ð6:1Þfor each m5 0.
On the other hand, for m = 0, i.e., for the Hencky model (2.11), there is no restriction for v1 > 0. This may
be clear from (5.1)–(5.7). Hence, we have0 < v1 < þ1 ð6:2Þ
for the Hencky model (2.11). This may be viewed as a particular case of (6.1), since it follows trivially from
(6.1) with m! 0.
Now we study how the axial length ratio n2 will change in the case of inﬁnitesimal deformation. To this end,
for m5 0 we consider the Taylor expansion of the expression (4.23) for a very small (v  1):n22 ¼ 1þ
2
m
2
m
 3 m
1þ m
 
ðv 1Þ2 þ Oððv 1Þ3Þ: ð6:3ÞNow it may be clear that, for a small torsion angle, each Hookean type model (2.7) withm <
2þ 2m
3 m ð6:4Þwill predict the axial lengthening eﬀect, whereas each Hookean type model (2.7) withmP
2þ 2m
3 m ð6:5Þwill predict the axial shortening eﬀect.
Usually, the axial lengthening eﬀect is observed in experiments for most materials. It does not seem to be
clear whether the axial shortening eﬀect may be observed for a small elastic strain. Since the Poisson ratio m
does not exceed 1
2
, we have2þ 2m
3 m 6
6
5
:Thus, for all the possible Poisson ratios m 6 1
2
, each model (2.7) with mP 6
5
will fulﬁl (6.5) and predicts the
axial shortening eﬀect. In particular, this is the case for St. Venant–Kirchhoﬀ model (2.12) with m = 2. On
the other hand, we have2þ 2m
3 m 6 1 for m 6
1
3
:
H. Xiao, L.H. He / International Journal of Solids and Structures 44 (2007) 718–731 729As a result, the model (2.9) with m = 1 will also predict the axial shortening eﬀect for all the Poisson ratios
m 6 1
3
.
Acknowledgement
The support from K.C. Wong foundation is gratefully acknowledged.
Appendix A. Results for models with m = ±1,±2
Results for the known models as given by (2.9), (2.10) and (2.12), (2.13) with m = ±1,±2 are presented
below:
For model (2.12) with m = 2:2 Inn2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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2
3
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
2m
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n23  1
q
; ðA:2Þ
n1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
m
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n
2
3
1þ m
s
; ðA:3Þ
s ¼
ﬃﬃﬃ
2
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; ðA:12ÞEqs. (A.7), (A.9) and (A.10), the insubstantial minus sign has been omitted. That is also the case for Eqs. (A.17), (A.19) and (A.20).
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